The conductance of a normal-metal mesoscopic system in proximity to superconducting electrode(s) is calculated. The normal-metal part may have a general geometry, and is described as a "circuit" with "leads" and "junctions".
number of transverse modes in the lead connecting junctions k and m is denoted by W k,m , so that N k = m W k,m is the size of the scattering matrix of the kth junction. The N k s and the (nonzero) W k,m s are treated as large parmeters, and the conductances are evaluated to leading order -weak localization and conductance fluctuation corrections will not be considered here. The matrices G 0 and S are of size 2N tot × 2N tot , where N tot = M m=1 N m is the total number of modes, and the factor of 2 represents the electron-hole subspace. G 0 is non-diagonal in the M × M block structure, but diagonal in the electron-hole space. S is block-diagonal, with K diagonal blocks consisting of a random scattering matrix for the electron-electron sub-block, and the complex conjugate of that matrix for the hole-hole subblock. The remaining diagonal blocks of S either vanish, for an external normal electrode, or are off-diagonal in the electron-hole space: the electron-hole Andreev-scattering sub-block for a superconducting electrode m is equal to i exp(−iχ m ) (times a unit N m × N m matrix), and the hole-electron sub-block is i exp(iχ m ). Here the χ m s are the given, time-independent phases of the superconducting order parameter in m. The extra factors of i lead to destructive interference after two consecutive Andreev scatterings, and are responsible for, e.g., proximity-induced gap-like features in the normal part of the structure.
We now average the K random-scattering diagonal blocks of S over the appropriate matrix ensemble -the circular orthogonal ensemble (COE), justifying our expressions both physically and technically (see Ref. [4] for details of the latter). Diagrams for the conductance may be drawn as in Fig. 1b , with matrix multiplication implied along the bottom and the top of the diagram. The matrices along the top line are hermitean conjugated, so that the diagrams represent probabilities, or amplitudes multiplied by complex conjugates of amplitudes. Averaging is evaluated to leading order by connecting the random elements of S, represented as double lines, in all possible ways in the plane of the diagram without crossing lines. These connections or couplings (Fig. 1c) join together n occurrences of the kth random scattering matrix and n occurrences of its hermitean (or complex) conjugate, in alternating order; the corresponding weights are (−1) n−1 c n /N 2n−1 k with c n = (2n)!/2(2n − 1)(n!) 2 (these are deduced in Refs. [4] and [5] from unitarity). Each 2n-fold coupling divides the plane of the diagram into 2n regions, with matrix multiplication performed independently around the periphery of each region. The blocks of S which are not averaged over -those representing Andreev scattering at the superconducting electrodes -are drawn as black semicircles.
The averaged propagator G = G 0 + G 0 SG 0 + . . . is written as G = G 0 /(I−ΣG 0 ), where the "one particle irreducible part", or "self-energy" Σ represents the "average" scattering by the junctions (Fig. 1d) . The structure of Σ is particularly simple, because (a) both normal scattering and off-diagonal (in mode space) electron-hole scattering average to zero due to the random phases involved, and (b) the diagonal electron-hole scattering elements of Σ must be equal to each other within each of the K random-scattering blocks, due to ergodicity in each junction. We denote the electron-hole averaged Andreev scattering amplitude by if k , where f k is a complex number in the unit circle. The hole-electron amplitude is then if * k . Direct Andreev scattering (black semicircles) is also conveniently included in Σ: for the superconducting electrodes f m = exp(−iχ m ), and for the normal ones f m = 0.
The behavior of the amplitudes f k is similar to that of voltages -if a certain junction is connected by a lead with a high conductance to an electrode with a given value of f m , then the value of f k in that junction will tend towards f m . These amplitudes are physically observable in the following sense: if we were to inject electrons directly into the kth junction from an additional normal electrode which is relatively weakly coupled to that junctiona "noninvasive voltage probe" -we would find a strong beam of holes being retro-reflected into that voltage probe, with an intensity of |f k | 2 times that of the electron beam. The fact that these amplitudes are of order 1, rather than of order 1/N k , has been referred to in the literature as the "giant (Andreev) backscattering peak" [8] . It can be understood on the basis of the analogy between Andreev reflections and phase-conjugating mirrors in optics.
For the specific case of ideal leads, 
, where j is the index of one of the W k,m modes in the lead connecting k and m (the superscript m has been added to emphasize this; kh and ke denote the kth diagonal electron-hole subblock). On the other hand, the diagrams for Σ express f k as a sum of powers of α k and α * k ,
j=1 G kh,j;ke,j is a trace of a sub-block of G. When the explicit values of the c n s are used and the relationship between α k and f k is inverted, it reads simply
This is consistent with the physical requirement that f k = f m if all the f m s in the sum are equal to each other. Eq. (1) may be rewritten, using m W k,m = N k , as an expression of "spectral current conservation":
where J k,m denotes the dimensionless (complex) "spectral current" in the (k, m) lead.
The "two-particle irreducible vertex", Γ is represented diagrammatically in Fig. 1e . It is also block-diagonal, with all of the elements of the kth block given by
(each of the four sub-blocks are full matrices with identical elements). This expression is the only one consistent with unitarity or current conservation [9] . The two-particle propagator, 
with the equality required only for the K internal junctions.
As we assume that no inelastic processes occur in the structure, the electric current I and the quasiparticle current Q are conserved differentially at each junction k:
The total electric current, I k,m = ∞ 0 dǫ I k,m (ǫ), and heat current,
are consequently conserved as well. For ideal leads, Eq. (3) implies that [9] I k,m = 2e
where the voltages V m and the excitation-energy densities U m are defined by [11] 
These 
Expressions for charge and heat transport are similarly obtained, by replacing the factor (5) and (6) with
j=1 (t ke,j;me,j ∓ t kh,j;me,j ) (the minus sign is used for charge currents). This can be generalized to any form of G 0 , and so not only non-ideal leads but arbitrary combinations of random and non-random scattering can be treated (the simplification due to the polar decomposition does not easily generalize, however).
The results are summarized in Table 1 , using Nazarov's notation. In summary, using diagrammatic techniques of random scattering-matrix theory, we have rederived and enhanced Nazarov's circuit theory of Andreev conductance. The results follow in fact quite simply from notions of multiple Andreev scattering, which is taken to occur locally in the kth junction with an amplitude f k (this is the amplitude of the "giant Andreev backscattering peak" [8] ). The values of f k are found self-consistently in a manner analogous to finding the voltages in the junctions of an electrical circuit. Heat transport was also briefly considered here, whereas the extension to finite temperatures and voltages is an important goal for future developments.
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